Detection devices in entanglement-based optical state preparation 
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We study the use of detection devices in entanglement-based state preparation. In particu- 
lar we consider optical detection devices such as single-photon sensitivity detectors, single-photon 
resolution detectors and detector cascades (with an emphasis on the performance of realistic detec- 
tors). We develop an extensive theory for the use of these devices. In entanglement-based state 
preparation we perform measurements on subsystems, and we therefore need precise bounds on the 
distinguishability of these measurements (this is fundamentally different from, e.g., tomography, 
where an ensemble of identical states is used to determine probability distributions, etc.). To this 
end, we introduce the confidence of preparation, which may also be used to quantify the performance 
of detection devices in entanglement-based preparation. We give a general expression for detector 
cascades of arbitrary size for the detection up to two photons. We show that, contrary to the general 
belief, cascading does not give a practical advantage over detectors with single-photon resolution in 
entanglement-based state preparation. 
PACS number(s): 42.50.Ar 



The accurate creation of quantum states is important 
to many applications in, for example, quantum compu- 
tation and information [|llpl . One method of state prepa- 
ration is to entangle two systems and subsequently per- 
form a so-called conditional measurement on one subsys- 
tem: depending on the measurement outcome the un- 
detected subsystem is 'prepared' (collapsed) into a par- 
ticular predetermined state (see also Rubin Q). Con- 
siderable progress has been made using this method in 
the creation of optical quantum states [^-§| and in the 
creation of three-photon polarisation entanglement M. 
Optical entanglement sources include, for example, cross- 
Kerr media H or the mixing of states at beam-splitters 
M. In general, the quality of this entanglement-based 
state preparation strongly depends on the details of the 
conditional measurement. 

In this paper we study the effect of realistic (photo-) 
detectors on the state preparation process. To this end 
we introduce the concept of the confidence of preparation 
in Sec. |. This measure does not only quantify the 'qual- 
ity' of the state preparation process, but it also allows 
us to compare different types of detection devices. In 
Sec. || we discuss the distinction between single-photon 
sensitivity and single-photon resolution detectors. The 
statistics of detector cascading with single-photon sensi- 
tivity detectors is studied in Sec. Ill and Sec. IV makes 



a numerical comparison between such detector cascades 
and single-photon resolution detectors. 

Let's consider entanglement-based state preparation 
H (not necessarily restricted to quantum optics). We 
want to prepare a single (pure) state \<j>) by means of 
some entanglement-based process, and we want the re- 
sulting state p to be as 'close' to \<j>) as possible. A mea- 
sure of resemblance between states is given by the fidelity 



F = Tr\p\<f>)(4,\] 



(1) 



gives exactly \4>) and when F = 0, the prepared state is 
orthogonal to \<f>). In practice, the fidelity will not reach 
these extreme measures, but will lie between and 1. 

For example, if we want to prepare a single-photon 
state |1) we can use the following process: a paramet- 
ric down-converter creates a state \ip) a b on two spatial 
modes a and b: 



mab<x\o) a \o) b +z\i) a \i) b +o(e 



(2) 



where |0) denotes the vacuum state and we assume £ <C 1. 
The higher order terms (included in 0(£ 2 )) consist of 
states with more than one photon. We now place a photo- 
detector in mode a, which 'clicks' when it sees one or 
more photons (typically, standard detectors can see sin- 
gle photons, but fail to distinguish between one and two 
photons). Conditioned on such a click, mode b will be in 
a state 
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The quality of a state preparation process can therefore 
be measured by the fidelity. When F = 1, the process 



The fidelity of this process is high: F = (l|p|l) — 1, 
and this is therefore typically a very good single-photon 
state preparation process (although the situation changes 
drastically when multiple down-converters are considered 
OjOf). Due to the large vacuum contribution, however, 
the probability of the detector giving a 'click' will be 
small (of order 0(|£| 2 ))- When the detector does not 
click, that particular trial is dismissed, hence the condi- 
tional character of the detection. 

In this example the outcome of the detection is used 
to either accept or reject a particular run of the state 
preparation device. However, in general the outcome of 
the detector can be used to determine a more complicated 
operation on the remainder of the state preparation pro- 
cess. This is detection plus feed-forward, since the out- 
come is used further on in the process. An example of 
this is quantum teleportation, where the outcome of the 
Bell measurement determines the unitary transformation 
needed to retrieve the original input state. 



When the measurements in the state preparation pro- 
cess are prone to errors, the state we want to create may 
not be the state we actually create. This means that 
errors in the detection devices can lead to reduced fideli- 
ties. In this paper we study the effect of detection errors 
on optical travelling-wave state preparation. 



where the V^'s form a set (possibly over-complete, hence 
the difference in notation from Pk) of projection opera- 
tors {|a*)(mI}m- We also require a completeness relation 



5> 



(7) 



I. CONFIDENCE 

Consider a preparation device which prepares a state 
conditioned on a single measurement. For simplicity, we 
employ two subsystems. One subsystem will be mea- 
sured, leaving a quantum state in the other. It is clear 
that prior to the measurement the two systems have to 
be entangled. Otherwise conditioning on the measure- 
ment does not have any effect on the state of the second 
system. 

We can write the total state | , 0)i2 prior to the mea- 
surement in the Schmidt decomposition: 



|^)i2 =^Cfc|a fc )i|&fe) 2 , 



(4) 



with {|afc)}fc and {|6fc)}fc orthonormal sets of states for 
system 1 and 2 respectively. These states correspond to 
eigenstates of observables A and B with sets of eigenval- 
ues {a,k}k and {bk}k respectively. We now measure the 
observable A in system 1, yielding an outcome ak (see 
Fig. @). 




FIG. 1. A schematic representation of state preparation 
conditioned on a measurement. One branch of the entangle- 
ment \ip) is detected, yielding an eigenvalue a k - The other 
branch is now in a state p ah ■ 

We can model this measurement using so-called pro- 
jection operator valued measures, or POVM's for short. 
For ideal measurements, we can describe the measure- 
ment of mode 1 as a projection Pk — |a.fe) (a.fe| operating 
on the state |V')i2- When we trace out the first system 
the (normalised) state of the second system will be 



Pa k 



Th[(P fc (8>lMi2M] 

Ttl2[(Pk®l)\lli)vi(ll>\] 



\b h ){h 
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For non-ideal measurements we do not use a projection 
operator, but rather a projection operator valued mea- 
sure. In general, a POVM E v can be written as |bj| . p~fl 
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As mentioned before, a measurement outcome ak in 
mode 1 gives rise to an outgoing state p ak in mode 2. 
We cannot describe a non-ideal measurement with the 
projection Pk = |a/s)( a fc|- Instead, we have a POVM Ek 
(corresponding to the outcome ak), which reduces to Pk 
in the case of an ideal measurement. Let p\2 = l^) 12(^1, 
the entangled state prior to the measurement. The out- 
going state in mode b will then be 



Pa k 



Tnp: fc ®i)p 12 ] 

Tr[(E k (g>t)p 12 ] ' 



(8) 



where the total trace over both systems in the denomi- 
nator gives the proper normalisation. 

If we had an ideal detector (corresponding to Ek — 
|o*)(ofc|), the outgoing state would be p ah = \b k )(b k \- 
However, with the general POVM Ek, this will not be 
the case. The resulting state will be different. In order 
to quantify the reliability of a state preparation process 
we introduce the confidence of a process. 

Definition: The confidence in the preparation of a par- 
ticular state is given by the fidelity of the prepara- 
tion process. 

That means that using Eqs. (Eh and (H) the confidence C 
is given by 



C = 



Tr[(E k ®\bk)(bk\)p 



12 



Tr[{E k ® l) Pl2 ] 



|c fc | 2 (a fc |-Efc|a fc ) 
£, N 2 <a,|i5 k |a,) 



(9) 



where the |q| 2 are the diagonal elements of the density 
matrix. In the context of measurement and state iden- 
tification, the fidelity is a widely used and well-studied 
concept pl||l6| . Since the confidence is defined as the fi- 
delity of the preparation process, these results also apply 
here. 

We prefer the term confidence in this context, because 
it is reminiscent of the confidence in statistics |17J . Statis- 
tical confidence denotes the probability that the value of 
a quantity lies within a fixed interval around the observed 
mean value. In this paper, we extend this meaning to the 
quantum mechanical case. It is the probability that the 
prepared state passes a projective test for the expected 
state in a single-shot experiment. 

The confidence C in Eq. (ph can be interpreted as the 
probability of obtaining outcome ak from the 'branch' 
containing \a k ) in Eq. (0) divided by the unconditional 
probability of obtaining outcome ak- We will also call 
this the 'confidence of state preparation'. This interpre- 
tation suggests that there does not need to be a second 



system to give the idea of confidence meaning. Suppose, 
for instance, that we have an 'electron factory' which 
produces electrons with random spin. A Stern-Gerlach 
apparatus in the path of such an electron will make a 
spin measurement along a certain direction r. Suppose 
we find that the electron has spin 'up' along r. Before this 
measurement the electron was in a state of random spin 
(Pin = f| T)(T I + \\ 4) (4 l)i an d a ft er the measurement 
the electron is in the 'spin up' state (p ut = | T)(T I)- The 
state of the electron has collapsed into the 'spin up' state. 
We will now investigate how we can define the confidence 
of the detection of a single system. 

Formally, we can model state collapse by means of the 
super-operator P ah , where a k is again the outcome of 
the measurement of observable A ('spin up' in the above 
example). In general, a super-operator yields a (non- 
normalised) mapping p — > T^{p) (see Fuchs and Peres 
|{l8| , [l9| and references therein) . When the eigenstate cor- 
responding to a k is given by \a k ), we can define the con- 
fidence of this measurement as 



(--a 



(a fc \f ah (p)\ak) Tr[j£" a , (p)\a k ) (a k | 



Tr[-F afc (/o)] 



Tr[-F afc (/o)] 



(10) 



with Tv[J-' ak (p)] the proper normalisation. However, this 
expression depends strongly on the details of the family of 
operators A^ v . This is a more complicated generalisation 
than the POVM's E k . The confidence of state prepara- 
tion, on the other hand, is a function of the POVM E k . 
Furthermore, C m will in general not be equal to the con- 
fidence of state preparation derived in Eq. (0). 

In conclusion, there are two distinct versions of the 
confidence: the confidence of measurement and the con- 
fidence of state preparation. Later in this paper we will 
use the concept of the confidence to make a quantita- 
tive comparison between different detection devices. This 
suggests that we need to calculate the confidence of mea- 
surement with all its difficulties. One way to circumvent 
this problem is to calculate the the confidence of state 
preparation using a fixed state. Instead of concentrating 
on the state preparation process we now choose a stan- 
dard input state and calculate the confidence for different 
types of measurement devices. One such choice might be 
the maximally entangled state 



N-l 



I*)l2 = 



— t 



\a k ,a k ) 



(11) 



fc=0 



When N — * oo, this is perhaps not the ideal choice and 
another state may be preferred. For any choice, the con- 
fidence offers a quantitative measure of performance for 
different types of measurement devices. 



II. OPTICAL DETECTION DEVICES 

Having set the stage for state preparation conditioned 
on measurement outcomes, we will now restrict the re- 
mainder of this paper to optical implementations. Let's 



consider the measurement of optical Fock states using 
photo-detectors. In order to classify different types of 
detectors we use the following terminology: a detector is 
said to have a single-photon sensitivitywhen it is sensitive 
enough to detect a single-photon wave-packet. This is 
the case with, for example, the avalanche photo-detector. 
When a detector can distinguish between n- and (n+1)- 
photon wave-packets, it is said to have a single-photon 
resolution. 

Real detectors have a variety of characteristics. Most 
common detectors do not have single-photon resolution, 
although they can distinguish between a few and many 
photons. When small photon numbers are detected, how- 
ever, these are single-photon sensitivity detectors to a 
good approximation. There are also single-photon resolu- 
tion detectors |2^,gl|. Currently, these detectors require 
demanding operating conditions. At this point we note 
that here, we only consider the detection of single modes. 
In practice, however, detectors are multi-mode detectors. 
Since we are dealing with direct detection, these other 
modes only contribute to the background noise, with the 
quantum efficiency to the single mode being the key pa- 
rameter. 

When we need single-photon resolution but do not have 
the resources to employ single-photon resolution detec- 
tors, we can use a so-called detector cascade [|22f| . In a 
detector cascade an incoming mode (populated by a num- 
ber of photons) is split into N output modes with equal 
amplitude which are all detected with single-photon sen- 
sitivity detectors. The idea is to choose the number of 
output modes large enough, so that the probability that 
two photons enter the same detector becomes small. In 
general, an optical setup which transforms N incoming 
modes into N outgoing modes is called an Alport (see 
Fig. 0) p3[ . A detector cascade is a symmetric TV-port 
with detectors at the outgoing modes and vacuum states 
in all input modes except the first mode. In the next 
section we will study the statistics of symmetric A-ports, 
but first we need to elaborate on the types of errors which 
occur in detectors. 




FIG. 2. An iV-port with unit-efficiency, non-resolving de- 
tectors. The N incoming modes are unitarily transformed 
into N output modes. The iV-ports considered here consist 
of mirrors and beam-splitters and do not mix creation opera- 
tors with annihilation operators. 

There are two sources of errors for a detector: it might 
fail to detect a photon, or it might give a signal although 
there wasn't actually a photon present. The former may 
be characterised as a 'detector loss' and the latter as 



a 'dark count'. Here, the emphasis will be on detector 
losses. In some experiments (like the Innsbruck telepor- 
tation experiment [M ) the detectors operate within short 
gated time intervals. This greatly reduces the effect of 
dark counts and we will not consider them here. 

Detector losses are not so easily dismissed. Every pho- 
ton entering a detector has a certain probability of trig- 
gering it. This probability is called the efficiency of the 
detector. For the purposes of brevity, when a detector 
is perfectly efficient, we will call it a unit- efficiency de- 
tector. When it has some lower efficiency, we speak of 
a finite- efficiency detector. Here, we study detector cas- 
cading with unit-efficiency detectors, as well as cascading 
with finite-efficiency detectors (g5). we are interested in 
the case where cascading distinguishes between photon- 
number states |fc) and \k') with k ~ k' . 



III. ALPORTS 

In this section we treat the properties of detector cas- 
cades, or symmetric Alports with single-photon sensitiv- 
ity detectors in the outgoing modes. Symmetric TV-ports 
yield a (unitary) transformation U of the spatial field 
modes a k , with j, k — 1, . . . , N: 



N 



E^ 



and 



K 



N 



J'=l 



J'=l 



(12) 



where the incoming modes of the iV-port are denoted 
by Oj and the outgoing modes by bj. Here, aj and a,j 
are the respective creation and annihilation operators of 
mode Oj. Similarly for mode b k . The unitary matrix U 
can be chosen to be 



U 



1 



jk 



exp[2wi(j-l)(k- 1)/N] 



(13) 



without loss of generality up to an overall phase-factor. 
Paul et al. have studied such devices in the context of 
tomography and homodyne detection [£6| . 

Here, we study Alports in the context of optical state 
preparation, where only one copy of a state is given, in- 
stead of an ensemble, we will use the concept of the 
confidence, introduced in section |[ 



resolution detector since there is a probability that some 
of the photons end up in the same outgoing mode, thus 
triggering the same detector. 

To quantify the single-photon resolution of the cascade 
we use the confidence given by Eq. (\ty . Suppose we have 
two spatially separated entangled modes of the electro- 
magnetic field a and b with number states \m) in a and 
some other orthogonal states \4>m) hi b: 



!*> = £-*, 



\m) a \4>- 



ni/b 



(14) 



where the second mode is used only to give the confi- 
dence an operational meaning. The POVM governing the 
detection can be written as E k = ^2 m PN{k\m)\m)(m\, 
since we assume that the photons are not lost in the Al- 
port. In this expression pAr(fc|m) is the probability that 
m incoming photons cause a fc-fold detector coincidence 
in the Alport cascade. The confidence can then be writ- 
ten as 



C 



\lk\ 2 (k\E k \k) 



\lk\ 2 PN(k\k) 



T,i hm\ 2 (m\E k \m) T, m hm\ 2 PN(k\m) 



(15) 



In order to find the confidence, we therefore first have 
to calculate the probability distribution p?j. This will al- 
low us to compare single-photon resolution detectors with 
various arrangements (TV-ports) of single-photon sensitiv- 
ity detectors. 

Suppose k photons enter the first input mode and all 
other input modes are in the vacuum state. The density 
matrix of the pure input state po = |fe)(fc| will be trans- 
formed according to p — UnPoUJ^ with Un the unitary 
transformation associated with the symmetric TV-port. 
Let n be the A^-tuple of the photon number in every out- 
going mode: n = (ni,ri2, ■ ■ ■ ,tin)- The probability of 
finding n\ photons in mode 1 and n 2 photons in mode 
2, et cetera, is given by p r i = (n\p\n). Using the Alport 
transformation this probability yields 



Pa = (n\U N p Q Ulf\n) = \{n\U N 



(16) 



where k = {k, 0, . . . ,0), since only the first input mode 
inhabits pho tons and the rest are vacuum. From Rcfs. 
|E7| and |ESl we find that this can be rewritten as 



A. Statistics of Alports 

Suppose we have a detector cascade, consisting of a 
symmetric Alport with single-photon sensitivit y d etec- 
tors in the outgoing modes. According to Eqs. ( |l2|) and 
( |l3| ) incoming photons will be redistributed over the out- 
going modes. In this section we study the photon statis- 
tics of this device. In particular, we study the case where 
k photons enter a single input mode of the Alport, with 
vacuum in all other input modes. This device (i.e., the 
detector cascade) will act as a sub-ideal single-photon 



Pn 



H m 



n i ! 



! . . 



n^lkl 



(17) 



Here, H-_(x) is a so-called multi-dimensional Hermite 

kn x ' 



polynomial (MDHP) 
R = 



and the matrix R is defined as 

(18) 



-W 

-W o 



For our present purposes it is convenient to characterise 
the iV-port by its transformation of the field modes given 



by Eqs. ( |l2| ) and (^3|) . we therefore concentrate on U 
rather than Un- 

Since there is a one-to-one correspondence between the 
iV-port (U) and the matrix R, knowledge of U is suffi- 
cient to calculate the confidence of a given event using 
the iV-port. The MDHP for TV input modes with fc pho- 
tons in the first mode and zero in the others (giving an 
-/V-tuple fc) and N output modes n is given by 



H?Jx) = (-l) 2fe e* gRS 



V|* e 

kn 






(19) 



where xRx T = J^. ■ XiR 



13 ^3 > 



(xi,. .. ,x 2 n) and 



V 2fc 

kn 



)-'<' 



dx k dx ni 



AT+1 



ux 2N 



The number of photons in the input mode is equal to 
the total number of photons in the output modes. The 
dimension of x obeys dim a? = dimfc + dimn = 2 A. For 
example, for a two-photon input state we have 

a 4 



e* 



x R x 



\x Rx 1 



dx\dxidx k 



3=0 



2R\iR\k 



(20) 



There are many different ways in which k incoming 
photons can trigger a fc-fold detector coincidence. These 
different ways correspond to different photon distribu- 
tions in the outgoing (detected) modes, and are labelled 
by n r . The probability that all k photons enter a differ- 
ent detector is found by determining the Pft r s where every 
rii in n r is at most one. The sum over all these ps r 's is 
equal to the probability pN(k\k) of a fc-fold coincidence 
in an iV-port conditioned on k incoming photons: 



p N {k\k) =^2pn r = 



k\ 



(21) 



Finally, in order to find the probability of a fc-fold de- 
tector coincidence conditioned on m photons in the input 
state (with m > k) we need to sum all probabilities in 
Eq. ([IT]) with k non-zero entries in the iV-tuple n: 



fieSi 



n\\ ■ ■ ■ n^rlm! 



where Sk is the set of all n with exactly fc non-zero en- 
tries. 



B. Realistic TV-ports 

We now consider a symmetric AT-port cascade with 
finite-efficiency single-photon sensitivity detectors. Ev- 
ery one of the N detectors has a certain loss, which means 
that some photons do not trigger the detector they enter. 
We can model this situation by putting a beam-splitter 
with intensity transmission coefficient rj 2 in front of the 
ideal detectors p5fl. The reflected photons are sent into 
the environment and can be associated with the loss. The 
transmitted photons are detected (see Fig. 0). 




FIG. 3. A 2iV-port with JV modes which are detected with 
ideal detectors and TV undetected modes. These modes are 
associated with the detector losses. 

The implementation of the beam-splitters responsible 
for the detector losses transform our TV-port into a 2iV- 
port and the unitary transformation U of the field modes 
in this ./V-port now becomes a 2N x 2N unitary matrix 
U — ► U ® I2 (where I2 is the two dimensional unit 
matrix). Applying a transformation V v to implement the 
beam-splitters with transmission coefficient rj 2 will give 
a new unitary transformation governing the behaviour of 
the 2 Alport. Although nothing holds us from consider- 
ing detectors with different efficiencies, for simplicity we 
will assume that all detectors have the same efficiency 
r/ 2 . In terms of the original unitary matrix U from Eq. 
(O) the new unitary matrix U becomes 



u 



u 



T)U 



-TfU 
T)U 



yi-T7 2 u 

This changes the matrix R of the MDHP accordingly: 



R -» R = 







-W 



-J7+ 



(23) 



and R is now a 4 AT x 4A^ matrix dependent on rj. The 
probability of finding a fc-fold detector coincidence in an 
AT-port cascade with finite-efficient detectors then be- 
comes 



p N (k\m) = ^2 



[^lrt(O) 



ii£S k 



n\\ ■ ■ ■ n2Ar!m! 



(24) 



where Sk is the set of all n with exactly k non-zero en- 
tries in the detected modes (note that we still call it an 
AT-port although technically it is a 2 Alport) . The confi- 
dence of having a total of fc photons in a fc-fold detector 
coincidence is again given by Eq. (fL5[). The variables 
of the MDHP will be a 2A^-tuple fc = (fc, 0, . . . 0). The 
output photon number 2A"-tuple can now be written as 



« n: 



"•JV) "1 ' - 



■ rift), where the superscripts d 



and u again denote the detected and undetected modes 
respectively. Furthermore we have X)j=i n t — ^d and 

x^ N n y = M 
Zji=l 'H — V±-. 

Using Eq. (g3) and observing that every detected pho- 
ton carries a factor rj 2 it is quite straightforward to obtain 
the probability that fc photons give a fc-fold coincidence 
in an efficient AT-port cascade: 

V 2k N\ 



p N {k\k) 



N k {N -k)\ 



(25) 



C. The single-photon resolution of TV-ports 

Having determined the probability distribution p^, we 
can now calculate the confidence of detector cascading. 
First of all, in order to obtain a high confidence in the 
outcome of a detector cascade, the possible number of 
photons should be much smaller than the number of 
modes in the cascade: N ^> k. In practice there is a 
limit to the number of detectors we can build a cascade 
with, so we only look at the lowest order: distinguishing 
between one and two photons. 

we will calculate the confidence of having outgoing 
state \(f>i) conditioned a single detector giving a 'click' 
in the detector cascade when the input state is given by 



|*>i2 = a|O)i|0o>2 +/J|l)i|&>2 +7|2}i|£ 



'2/2 



(26) 



This state corresponds, for example, to the output of a 
down-converter when we ignore higher-order terms. The 
confidence is then 



C(l,|tt>12) 



V(i|i) 



M 2 Mi|o) 



2 pn (i|i) 



l7| 2 Piv(l|2) ■ 
(27) 



Eqs. (E4[) and (EOJ) allow us to calculate the probabilities 
of a zero-, one- and two- fold detector coincidence condi- 
tioned on one or two incoming photons: 



Pn(0\0) = 1 


(28a) 


Piv(l|0)=0 


(28b) 


p N {0\l) = l-rf 


(28c) 


Pn(1\1)=V 2 


(28d) 


p N (0\2) = (l-rff 


(28e) 


PaK1|2H^ + 2, ? 2 (1-77 2 ) 


(28f) 


PN (2\2) = ^-V , 


(28g) 



A close look at Eq. (281) shows us that pn(1\2) in- 
cludes a term which is independent of the number of 
modes in the /V-port cascade. This term takes on a 
maximum value of 1/2 for r/ 2 ~ ^. However, the con- 
fidence is a monotonously increasing function of rj 2 . As 
expected, for small <5's the confidence (7^(1,1^)) ap- 
proaches 1. Detector cascading thus turns a collection 
of single-photon sensitivity detectors into a device with 
some single-photon resolution. In the next section we 
will give a quantitative estimation of this resolution. 



IV. COMPARING DETECTION DEVICES 



Let's return again to the schematic state preparation 
process depicted in figure [l| There we had two modes, 
one of which was detected, giving the prepared outgoing 
state in the other, we argued that different detection de- 
vices yield different output states, and the comparison of 
these states with the ideal case (where we used an ideal 
detector) led to the introduction of the confidence of a 
state preparation process. Here, we will use the confi- 
dence to make a comparison of different detection devices, 
rather than output states. This can be done by choos- 
ing a fixed entangled input state. The confidence then 
quantifies the performance of these detection devices. 

Consider the state preparation process in the setting 
of quantum optics. We have two spatial modes of the 
electro-magnetic field, one of which is detected. In this 
paper we are mostly interested in states containing a few 
photons, and the detection devices we consider therefore 
include single-photon sensitivity detectors, single-photon 
resolution detectors and detector cascades. As an exam- 
ple, we set the task of distinguishing between one and two 
photons. Since single-photon sensitivity detectors are not 
capable of doing this, we will compare the performance 
of detector cascading with that of a single-photon reso- 
lution detector. Let the state prior to the detection be 
given by 



For example, using these probabilities, together with Eq. 
(vw, gives us an expression for the confidence that a 
single detector hit was triggered by one photon (<5 = 

|7| 2 /W): 



C = 



N 



N + 8[rf + 2N(1 - rf)} 



(29) 



where, for simplicity, we omitted the functional depen- 
dence of C on the incoming state, the size of the cascade 
and the order of the detector coincidence. This gives a 
general measure of performance of an cascade of arbitrary 
size N for the detection of up to two photons. Since the 
size of the cascade needs to be comfortably larger than 
the number of detected photons, Eq. (E3) will be suffi- 
cient for most practical purposes. 



i*) = — (|o)i^ ) + |i; 



l0l} + |2}|</>2» 



(30) 



This state is maximally entangled and will serve as our 
'benchmark' state. It leads to the choice S = 1 in Eq. 
( p9| ) in the previous section. Suppose the outgoing state 
conditioned on a 'one-photon' indication in the detec- 
tion device is p. The confidence is then again given by 
C = {(t> x \p\<t>x). 

First, consider the single-photon resolution detector 
described in Refs. pp| , pl[ . This detector can distinguish 
between one and two photons very well, but it does suf- 
fer from detector losses (the efficiency was determined at 
88%). That means that a two-photon state can be iden- 
tified as a single-photon state when one photon is lost. 
The confidence of this detector is therefore not perfect. 



In order to model the finite efficiency of the single- 
photon resolution detect or we employ the beam-splitter 
model from section IIIB. We write the input state as 



I*) 



1 



tv> 



_(|O)|0 o )+a T |O)|0 



V2 



■|O)|0 2 



(31) 



When we make the substitution a' — ► 776^ + y/l — rp& 
we obtain a state p. The outgoing density matrix condi- 
tioned on a single photon in mode b is then 



Pout 



Tr bc [(\l) b (l\(g>t c )p] 



Tr[(|l) fe (l 

r|0l)(01 



'/ 



3ry 2 



4(1 - r; 2 ) 



(32) 



With rj 2 — 0.88 the confidence of the single-photon reso- 
lution detector is easily calculated to be C — 0.65. 
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FIG. 4. The single-photon confidence C [Eq. (J29J)] as a 
function of the detector efficiency rf . The solid line corre- 
sponds to a single-detector cascade (no cascading: N — 1), 
the dashed lines correspond to TV = 4, JV = 16 and TV = 00 
in ascending order. We consider a maximally entangled in- 
put state I*) = ( 1 0> 1 0o > + |1)|</>i) + \2)\<j> 2 ))/V3 to serve as a 
benchmark. 

Now we consider a detector cascade with single-photon 
sensitivity detectors. In Fig. [| the confidence of a 
single-photon detection with TV-port cascades is depicted. 
When the cascade consists of four detectors (TV = 4) it 
can be easily calculated from Eq. (29) that the detectors 



need an efficiency of 0.84 to achieve a 0.65 confidence. In 
the case of infinite cascading (TV = 00) the single-photon 
confidence of 0.65 is met only if the efficiency is roughly 
0.73. This puts a severe practical limit on the efficiency 
of the single-photon sensitivity detectors in the cascade. 
Detector cascading would be practically useful if a rea- 
sonably small number of finite-efficiency detectors yields 
a high confidence. In particular when cascading is viewed 
as an economical alternative to a detector with single- 
photon resolution the number of detectors in the cascade 
should be small. Additionally, cascading should yield a 
confidence similar to single-photon resolution detectors. 
Unfortunately, as a practical application, detector cas- 
cading only appears to yield a modest boost in resolution, 



unless the detectors with single-photon sensitivity have 
a very high efficiency. In the context of entanglement- 
based state preparation, real single-photon resolution de- 
tectors are therefore superior to detector cascading with 
currently available detectors, notwithstanding the de- 
manding operating conditions. 



V. CONCLUSIONS 

In this paper we have studied the use of detection de- 
vices in cntanglcmcnt-bascd travelling-wave state prepa- 
ration. In particular we considered optical devices such 
as single-photon sensitivity detectors, single-photon res- 
olution detectors and detector cascades. 

Detector cascading has generally been regarded as a 
good way to enhance single-photon resolution and con- 
sequently the fidelity of a state preparation process J22| . 
However, an extensive theory for the use of these detec- 
tion devices has not been available so far. The statistics 
of TV-ports have been considered in the context of to- 
mography |26J , which relies on the availability of a large 
number of copies of a quantum state. In state prepara- 
tion, however, we perform measurements on single sys- 
tems, and we therefore need precise bounds on the dis- 
tinguishability of these measurements. 

To this end, we introduced the confidence of prepara- 
tion, which can also be used to quantify the (prepara- 
tion) performance of a (realistic) detection device. We 
gave an expression for the confidence of a cascade of ar- 
bitrary size TV, conditioned on an input state of up to two 
photons. We believe that this will be sufficient for most 
practical purposes. Thus, we compared a single-photon 
resolution detector with a cascade of single-photon sen- 
sitivity detectors and found that cascading does not give 
a practical advantage over detectors with single-photon 
resolution for entanglement-based state preparation. 

This research was funded in part by EPSRC grant 
GR/L91344. 
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